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Figure 2 shows velocity vectors highlighted by the magnitude of
streamwise velocity at the hole centerline (z = 0). It also shows the
interface between the RANS and LES region, where d,, = Cges A. It
is evident from the figure that the treatment of the initial penetration
of jet into freestream is carried out by pure LES technique. This is
because of the fine spanwise spacing at the hole exit that switches
the code to LES mode.

Figure 3 shows two isosurfaces of x vorticity colored by tempera-
ture. The values of the x vorticity for the left and right isosurfaces are
—10,000 s~ and +10,000 s~ !, respectively. Light and dark shades
of grayscales represent 300 and 150 K, respectively. The injection
pipe is shown as reference. It is evident that maximum recirculation
is present at the location of initial interaction between the jet and
crossflow. The recirculation near the wake region follows a pair of
counter-rotating vortices. A sharp temperature gradient is present
near the trailing edge of the hole, which becomes more diffused as
the flow progresses downstream.

The normalized wall temperature distribution in Fig. 4 indicates
that the minimum temperature (0.5) exists at the hole. Downstream
maximum cooling takes place in a small area just beyond (less than
1d) the trailing edge of the hole where the normalized wall tempera-
ture is 0.73. In the streamwise direction beginning at approximately
6d, the normalized temperature reduces to 0.78 and remains cool
for nearly 7d.

Film cooling is a strongly coupled fluid-thermal process. Figure 5
plots the effect of flow structures on normalized fluid tempera-
ture on a vertical plane at x =3.5d. The presence of asymmetry is
present in the unsteady solution for both velocity vectors and tem-
perature profile. Time-averaged data show prominent features of
elongated kidney-shaped bound vortices followed by similar tem-
perature profiles.

Comparison between experimental'! and numerical (time-
averaged DES) values of the centerline and the span-averaged effec-
tiveness is done in Figs. 6a and 6b, respectively. The sharp difference
between the experimental! and DES time-averaged results for cen-
terline effectiveness at x = 1d stems from the fact that although
numerical prediction of maximum cooling occurs near the trailing
edge of the hole (similar to the experimental data), its streamwise
distribution is very narrow, less than 1d (Fig. 4). The experimental
and numerical effectiveness follow similar trend between x = 1d—
6d. Beyond 6d, numerical centerline effectiveness shows higher
value than the experimental data, whereas numerical span-averaged
effectiveness is lower in that region. Figure 4 clearly shows that
there is very little diffusion in the spanwise direction for DES re-
sults, which is responsible for the small values of span-averaged
effectiveness.

Conclusions

The first detached eddy simulation of film cooling has been pre-
sented for a widely published plate-pipe configuration. The blowing
ratio was unity and density ratio was two. Results indicate that the
mixing processes downstream of the hole are highly anisotropic.
DES solution shows its ability to depict the dynamic nature of the
flow and capture the asymmetry present in temperature and velocity
distributions. Further, comparison between experimental and DES
time-averaged effectiveness is satisfactory. Numerical values of cen-
terline and span-averaged effectiveness differ from those of exper-
imental values at downstream locations. Smaller values of numer-
ically predicted spanwise effectiveness than the experimental data
might be caused by the improper turbulence model in the spanwise
spreading of the jet. This needs to be investigated in the near future.
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Introduction

HIS Note explains why a method used to accelerate the solution

of the radiation-transfer equation (RTE) breaks down, for fine
grids, when applied to a purely scattering medium. The explanation
is substantiated by showing that a simple strategy can eliminate the
problem.

Radiation transfer in a participating medium can be solved in
many ways, including the discrete ordinates' and the finite volume
methods.”? In these methods the intensities are calculated at discrete
nodes in space and for specified directions (or within specified solid
angles). For problems involving scattering, the intensity in one di-
rection is usually dependent on the intensities in all other directions.
To avoid solving the equations for all directions simultaneously, the
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explicit method is used wherein the intensity in each direction is up-
dated by solving the RTE for that direction with all other intensities
taken as temporarily known. To account for the lagged intensities,
the equations for intensity in each direction must therefore be solved
anumber of times, the number depending on the strength of the cou-
pling. For strong scattering convergence can become so slow that
the method is practically useless.

The present authors proposed a method for overcoming the prob-
lem of slow convergence by solving a separate equation for the aver-
age intensity. The original proposal was to use additive correction.’
Subsequently an implicit method was proposed,® which used a mul-
tiplicative correction.

Fiveland and Jessee* (referred to as F&J) studied various meth-
ods of accelerating the solution of the RTE for problems with pure
scattering. They concluded that the mesh rebalance method was by
far the most successful, at least for coarse spatial grids. They noted
that this method, from the neutron transfer literature, was similar
to the implicit method of the present authors; it also predated our
implicit method by many years. F&J went on to show that the mesh
rebalance method breaks down when applied to fine grids.

The breakdown of these acceleration methods is an important
issue because they are among the few options available for ob-
taining economic solutions to problems involving strong scattering.
This Note uses the spatial discretization of F&J and focuses on
the main problem that led to their observation* that the method
breaks down.

Application of the Finite Volume Method

Radiation-Transfer Equation
The RTE for intensity / at a given location in the s direction for
a gray isotropically scattering medium with scattering coefficient
o is!
al

1
— =0l 1,, I, = — 1d2 1
as ol+o “ 471/4n M

Problem Description

Radiation is to be calculated in an enclosure of dimension L x L
with black walls and with zero intensity entering the enclosure from
all but the lower wall. At the lower wall the intensity is unity. All
intensities are initialized to 107>, The objective is to solve for the
intensity / and for the average intensity /,.

Finite Volume Method

The enclosure is subdivided into M x M square and uniform
control volumes of dimension A =L /M, of volume Vp, and with
a central node P in each volume, as shown in Fig. 1a. This volume
interfaces with four neighboring volumes labeled 1,2, 3, and 4.
Direction is divided into L equal solid angles Q', Q?..- Q... QF
shown in Fig. 1b. Each solid angle covers the complete range of
polar angle 0 < ¢ <, where ¢ is measured from the z axis. One
intensity 7}, is associated with each node and each solid angle.

Applying the upwind spatial discretization of F&J, the algebraic
approximation of Eq. (1) for the intensity at node P in direction /

)
A
Q
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Fig. 1 Control volume in computational mesh and solid angle
distribution.

has the form

(AL + oV, JFZA'M;V =oVpQl, » (2a)
N

Lp= Z I,’,Q’/Z Q! (2b)
1 1

where N refers to the neighbor nodes of P in Fig. 1a. The coefficients
in Eq. (2a) are a special case of those in Ref. 3, where S ¢ is set to zero.

Explicit Method

Applying the explicit method, /, p is initialized, the intensity is
solved for every node for each direction / from Eq. (2a), and the
average intensity is then updated from Eq. (2b). This is substituted
into the right side of Eq. (2a), and the cycle is continued until con-
vergence is achieved.

Implicit Method

The implicit method attempts to accelerate convergence by im-
proving on the value of /, p just computed before it is inserted back
into Eq. (2a). For clarity, define the values obtained from application

of Egs. (2a) and (2b) as the intermediate values I 1[, and 11,, p. Phase
weights are defined as

op =1} [Ior 3)

To form the new equation for I, p, it is assumed that o/, is frozen
at this intermediate value, so that the revised (i.e., the end of cycle)
values of / ;’ are related to the revised 1, p by

I =dbl,, @)

Substituting this into Eq. (2a) and summing over all solid angles
results in the following equation for /, p. Note that, after summation
over /, the scattering term on the left right side of Eq. (2a) has
cancelled with the scattering term on the right side.

Aplop+ ) Axloy =0, (5)
N

where
Ap = E Abab, Ay = E Ao,
1 1

The solution cycle is now modified by updating the value of 7, p
using Eq. (5) before it is inserted into Eq. (2a) at the top of the cycle.

Convergence Criterion for Cycle
The residual of Eq. (5) is defined as

_ Apl,p + ZN Anla N
" ApRngU,p)

s Rmax = (RP)max (6)

where Rng(l, p) is the range of I, p in the problem and R,y is
the maximum residual. The maximum residual on the first cycle
is RO . When either the explicit or implicit method is used, the
values of I, used in Eq. (6) are those from the solution of Eq. (2).
[To be strictly consistent with the nomenclature just introduced, I,
in Eq. (6) should be replaced by /, when the implicit method is
used.] The solution cycle was continued in the present study until
Riax/R®, < 107* was achieved or a maximum cycle count was

max —

exceeded.

Solution of the Linear Equations

A point-Gauss—Seidel solver was used to solve Egs. (2) and (5).
One iteration is defined as one application of the solver over all pos-
sible Cartesian sweep patterns. Because of the parabolic character of
Eq. (2), one iteration achieves the solution to within roundoff. Itera-
tion on Eq. (5) was continued until aresidual of 1076 was achieved or
until an upper bound of 100 iterations was reached. This extremely
tight tolerance was adopted to ensure that the observed results were
not contaminated by a failure to drive the linear equation sets to
convergence.
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Results

Results are presented for a suite of problems with M x M grids
(M =5,10,25,50,100), and for 24 equal solid angles, and for values
of o to give cell optical thicknesses in the range 0.001 < o A < 100.

Explicit Method

Results from application of the explicit method, with an upper
bound of 2000 cycles, are presented in Table 1. When convergence
was not achieved, the residual reached on the last cycle was recorded,
and a bar drawn across the cell. The method becomes impractical
for large values of o M A. These results provide a baseline for com-
parison with the implicit method.

Implicit Method

Results for the same suite of problems are presented in Table 2. In
eight cases (the cells with bars) for fine grids and 0.07 <o A <1.0,
convergence was not achieved. In fact the code diverged for three of
these cases, as indicated by “Div” in a cell. In cases where residuals
are recorded, the residuals decreased to roughly the levels shown,
and then bounced. Allowing more cycles did not result in conver-
gence. For coarse grids the method works well for all values of 0 A,
as originally reported® and as verified by F&J. Not shown on the
table, but of practical importance, is the observation that the iterative
solution of Eq. (5) did not always achieve the target residual of 10~°
within the limit of 100 iterations. This was costly in terms of CPU
time; the reason is given next.

Understanding the Performance of the Implicit Method

First, to explain the reason for poor convergence when the itera-
tive solver is applied to Eq. (5), it is observed that diagonal domi-
nance (i.e., Ap + ZN Ay > 0) is not guaranteed at all nodes. The
coefficient sum becomes negative in regions of the grid where o,
changes quickly between nodes. This can lead to wiggles in the
solution to the equation. It also degrades the performance of the
iterative solver.

The poor convergence of the iteration cycle, indicated in Table 2,
is now discussed. The interactions between equations that must
cause this behavior cannot be a very complex because there are
only two: 1) The calculated values of /, p from Eq. (5) are influ-
enced by the /), values from the solution of Eq. (2a) only through the
phase weights o, 2) The calculated values of 7}, from Eq. (2a) are
influenced by thel, p values computed from Eq. (5) only through
the term on the right-hand side. To obtain rapid convergence, it is
necessary that at least one of these influences be weak.

For o A >> 1 scattering is so dominant that the / 11, intensities from
Eq. (2a) are very nearly isotropic. Because the information that flows
from Eq. (2a) to Eq. (5) (i.e., ot; values close to unity) is almost
independent from the information that flows back from Eq. (5) to
Eq. (2a), convergence is achieved after a few cycles. Foro A < 1 the
term on the right side of Eq. (2a) is small, independent of the exact
values of /, p because o is small. Hence the linkage between Eq. (5)
and Eq. (2a) is weak, and rapid convergence is again observed.

For intermediate o A the phase weights on a given cycle can be
asymmetric, being larger in directions pointing away from the lower
surface. This results in asymmetric coefficients Ay in the I, p equa-
tion, with those on the lower side of node P being larger. This causes
an increase in the level of /, p in the enclosure, which when inserted
into Eq. (2a) yields I}, values that are more isotropic (the phase
weights are more symmetric), which then reduces the interior val-
ues of 1, p, etc. The residuals bounce from cycle to cycle about some
level in a chaotic manner. No oscillations appear on a coarse grid,
presumably because the number of degrees of freedom is too small.

The lack of diagonal dominance in the /, p equation appears to
amplify the resonance between the equations. This was checked by
introducing relaxation into Eq. (5) to ensure that Ap + Z v Anv =0,
[Equation (7) was used with ¢*=0.] This eliminated all cases of
divergence indicated in Table 2, but the residuals still bounced, and
convergence was not achieved.

Introduction of Relaxation

If the explanation just given is correct, it should be possible to pro-
mote convergence by damping the interactions between equations.
Equation (5) was modified to

Ap(L4&)lop+ Y Axloy =eApl,p @)
N

where

e = max|ee - AP EXAY)
Ap

and Eq. (3) was underrelaxed as follows:
~ ~ old
ap =1 =)} [Ip+o(eh) (®)

The superscript old refers to the earlier calculated value of o).
The following simple strategy was implemented. Before the so-
lution was begun, the values of @ and &* were initialized to zero.
If the maximum residual R, did not reduce by at least a factor
of two on any given cycle, then w was incremented by 0.1, and

Table 1 Cycle count to achieve convergence for the explicit method (Cells show residuals
when convergence was not achieved in 2000 cycles)

oA
Grid 0.001 0.0l 0.07 0.10 0.50 1.0 10 100
5%5 2 3 6 7 22 44 540  Tx+0=4
10x 10 2 3 7 9 44 102 1478 ax-1022
25 %25 2 4 13 19 144 375 3 =2 I x4072
50 x 50 2 5 24 38 388 1042 -2 -2
100 x 100 2 7 54 90 1024 2x10=4  3x10=2 -2

Table 2 Cycle count to achieve convergence for the implicit method (Cells show residuals
when convergence was not achieved in 150 cycles)

oA
Grid 0.001  0.01 0.07 0.10 0.30 0.50 1.0 10 100
5x5 2 3 4 7 8 8 5 4
10% 10 2 3 5 10 12 11 6 4
25 %25 2 3 9 79 60 23 6 4
50 x 50 2 4 31 3% 2X19=2 -2 61 6 4
100 x 100 2 5 7)ozl Txte=2 a 8 8

2Divergence.
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Table 3 Cycle count to achieve convergence for the implicit method
with relaxation

oA
Grid 0.001 0.01 0.07 0.10 030 050 1.0 10 100
5x5 2 3 4 5 7 7 8 5 4
10x 10 2 3 5 6 10 10 1 5 4
25 x 25 2 3 9 11 15 13 11 5 4
50 x 50 2 4 15 16 14 13 1 5 4
100 x 100 2 5 14 15 21 14 12 6 5

&* was incremented by 0.0025, provided that upper bounds on w
and &* are not exceeded. The upper bounds were set at 0.4 and
0.025/(1 + o A), respectively. No attempt was made to optimize the
procedure.

Results with Relaxation

The results in Table 3 were obtained using this relaxation strategy.
Rapid convergence was achieved for all cases. In addition, the cost of
solving Eq. (5) for /, p was reduced because fewer solver iterations
were required.

Conclusions

A strong two-way coupling between the equations or direc-
tional intensity /5 and the equation for the average intensity

1, p exists for intermediate scattering strengths (0.1 <o A <1.0).
This slows or prevents convergence for fine grids. Damping of
the interequation couplings is needed to achieve rapid conver-
gence. Rapid convergence is achieved on coarse grids for all
o A, presumably because of the reduced number of degrees of
freedom.
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